Distinguishing number and distinguishing index of strong product of two
  graphs by Soltani, Samaneh & Alikhani, Saeid
ar
X
iv
:1
70
3.
01
87
4v
1 
 [m
ath
.C
O]
  6
 M
ar 
20
17
Distinguishing number and distinguishing index of strong
product of two graphs
Samaneh Soltani Saeid Alikhani ∗
July 16, 2018
Department of Mathematics, Yazd University, 89195-741, Yazd, Iran
s.soltani1979@gmail.com, alikhani@yazd.ac.ir
Abstract
The distinguishing number (index) D(G) (D′(G)) of a graph G is the least
integer d such that G has an vertex labeling (edge labeling) with d labels that
is preserved only by a trivial automorphism. The strong product G ⊠ H of
two graphs G and H is the graph with vertex set V (G) × V (H) and edge set
{{(x1, x2), (y1, y2)}|xiyi ∈ E(Gi) or xi = yi for each 1 ≤ i ≤ 2.}. In this paper we
study the distinguishing number and the distinguishing index of strong product of
two graphs. We prove that for every k ≥ 2, the k-th strong power of a connected
S-thin graph G has distinguishing index equal 2.
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1 Introduction and definitions
Let G = (V,E) be a simple graph of order n ≥ 2. We use the the following notations:
The set of vertices adjacent in G to a vertex of a vertex subset W ⊆ V is the open
neighborhood NG(W ) of W . Also NG(W ) ∪W is called a closed neighborhood of W
and denoted by NG[W ]. Aut(G) denotes the automorphism group of G. A subgraph of
a graph G is a graph H such that V (H) ⊆ V (G) and E(H) ⊆ E(G). If V (H) = V (G),
we call H a spanning subgraph of G. Any spanning subgraph of G can be obtained by
deleting some of the edges from G.
A labeling of G, φ : V → {1, 2, . . . , r}, is said to be r-distinguishing, if no non-trivial
automorphism of G preserves all of the vertex labels. The point of the labels on the
vertices is to destroy the symmetries of the graph, that is, to make the automorphism
group of the labeled graph trivial. Formally, φ is r-distinguishing if for every non-trivial
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σ ∈ Aut(G), there exists x in V such that φ(x) 6= φ(σ(x)). The distinguishing number
of a graph G is defined by
D(G) = min{r| G has a labeling that is r-distinguishing}.
This number has defined by Albertson and Collins [1]. Similar to this definition,
Kalinowski and Pil´sniak [8] have defined the distinguishing index D′(G) of G which is
the least integer d such that G has an edge colouring with d colours that is preserved
only by a trivial automorphism. If a graph has no nontrivial automorphisms, its dis-
tinguishing number is 1. In other words, D(G) = 1 for the asymmetric graphs. The
other extreme, D(G) = |V (G)|, occurs if and only if G = Kn. The distinguishing index
of some examples of graphs was exhibited in [8]. For instance, D(Pn) = D
′(Pn) = 2 for
every n ≥ 3, and D(Cn) = D
′(Cn) = 3 for n = 3, 4, 5, D(Cn) = D
′(Cn) = 2 for n ≥ 6.
The distinguishing number and the distinguishing index of some graph products has
been studied in literature (see [6, 7]). The Cartesian product of graphs G and H is a
graph, denoted G✷H, whose vertex set is V (G)×V (H). Two vertices (g, h) and (g′, h′)
are adjacent if either g = g′ and hh′ ∈ E(H), or gg′ ∈ E(G) and h = h′. The direct
product of G and H is the graph, denoted as G×H, whose vertex set is V (G)×V (H),
and for which vertices (g, h) and (g0, h0) are adjacent precisely if gg0 ∈ E(G) and
hh0 ∈ E(H). The strong product of G and H is the graph denoted as G ⊠ H, and
defined by
V (G⊠H) = {(g, h)|g ∈ V (G) and h ∈ V (H)}, E(G ⊠H) = E(G✷H) ∪E(G ×H).
Note that G✷H and G×H are spanning subgraphs of G⊠H. Note that Kn ⊠Km =
Knm, and G⊠K1 = G.
Let ∗ represent either the Cartesian or the strong product operation, and consider
a product G1 ∗ G2 ∗ · · · ∗ Gk. For any index 1 ≤ i ≤ k, there is a projection map
pi : G1 ∗ G2 ∗ · · · ∗ Gk → Gi defined as pi(x1, x2, . . . , xk) = xi. We call xi the ith
coordinate of the vertex (x1, x2, . . . , xk). Given a vertex a = (a1, a2, . . . , ak) of the
product G = G1 ∗G2 ∗ · · · ∗Gk, the Gi-layer through a is the induced subgraph
Gai = {x ∈ V (G)|pj(x) = aj for j 6= i} = {(a1, a2, . . . , xi, . . . , ak)|xi ∈ V (Gi)}.
Note that Gai = G
b
i if and only if pj(a) = pj(b) for each index j 6= i.
A graph is prime with respect to a given graph product if it is nontrivial and cannot
be represented as the product of two nontrivial graphs. For the Cartesian and strong
product, this means that a nontrivial graph G is prime if G = G1✷G2 (G = G1 ⊠G2 )
implies that G1 or G2 is K1. We need knowledge of the structure of the automorphism
group of the Cartesian product, which was determined by Imrich [5], and independently
by Miller [10].
Theorem 1.1 [5, 10] Suppose ψ is an automorphism of a connected graph G with
prime factor decomposition G = G1✷G2✷ . . .✷Gr. Then there is a permutation pi of
the set {1, 2, . . . , r} and there are isomorphisms ψi : Gpi(i) → Gi, i = 1, . . . , r, such that
ψ(x1, x2, . . . , xr) = (ψ1(xpi(1)), ψ2(xpi(2)), . . . , ψr(xpi(r))).
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We say vertices x, y of a graph G are in the relation S, written xSy, provided that
N [x] = N [y]. We recall that graphs with no pairs of vertices with the same closed
neighborhoods are called S-thin. The relationship between the automorphism group of
a connected S-thin graph and the groups of its prime factors with respect to the strong
product is the same as that in the case of the Cartesian product.
Theorem 1.2 [4] Suppose ϕ is an automorphism of a connected S-thin graph G that
has a prime factorization G = G1 ⊠G2 ⊠ . . .⊠Gk. Then there exists a permutation pi
of {1, 2, . . . , k}, together with isomorphisms ϕi : Gpi(i) → Gi, such that
ϕ(x1, x2, . . . , xk) = (ϕ1(xpi(1)), ϕ2(xpi(2)), . . . , ϕk(xpi(k))).
In other words, there exists a Gi to every Gj , 1 ≤ i, j ≤ k, such that ϕ maps every
Gj-layer into a Gi-layer.
In the next section we study the distinguishing number of strong product of two
graphs. In section 3, we show that the distinguishing index of strong product of two
simple connected, S-thin prime graphs cannot be more than the distinguishing index
of their direct product. As a consequence we prove that all powers of a S-thin graph
G with respect to the strong product distinguished by exactly two edge labels.
2 Distinguishing number of strong product of two graphs
We begin this section with a general upper bound for the strong product of two simple
connected graphs.
Theorem 2.1 If G and H are two simple connected graphs, then
D(G✷H) ≤ D(G⊠H) ≤ min {D(G)|V (H)|, |V (G)|D(H)} .
Proof. For the left inequality it is sufficient to know that G✷H is a spanning subgraph
of G ⊠ H such that Aut(G✷H) ⊆ Aut(G ⊠ H). For the right inequality, we present
two distinguishing vertex labelings of G⊠H with D(G)|V (H)| and |V (G)|D(H) labels,
respectively. For the first labeling, let φ be aD(G)-distinguishing labeling of the vertices
of G. We assign the vertex (gi, hj) the label φ(gi) + (j − 1)D(G) where 1 ≤ i ≤ |V (G)|
and 1 ≤ j ≤ |V (H)|. In fact, we label each G-layer with D(G) different labels such
that the sets of D(G) labels which have been assigned to each G-layer does not have
intersection. Hence if f is an automorphism of G ⊠ H, then f maps each G-layer to
itself, and so f is a automorphism on G-layers. Now since every G-layer is labeled
distinguishingly, so f is the identity automorphism. Therefore we have a D(G)|V (H)|-
distinguishing labeling of G⊠H. Repeating the above argument with H-layers instead
of G-layers, yields a |V (G)|D(H)-distinguishing labeling. 
The right bound of Theorem 2.1 is sharp for strong product of complete graphs.
Since the automorphism group of a strong product of connected, S-thin prime
graphs is the same as automorphism group of the Cartesian product of them, so the
following theorem follows immediately:
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Theorem 2.2 If G and H are two simple connected, S-thin prime graphs, then D(G⊠
H) = D(G✷H).
Since the path graph Pn (n ≥ 3), and the cycle graph Cm (m ≥ 5) are connected,
S-thin prime graphs, then by Theorem 2.2 we have D(Pn ⊠ Pq) = D(Pn ⊠ Cm) =
D(Cm ⊠ Cp) = 2 for any q, n ≥ 3 and m, p ≥ 5. (see [7] for the distinguishing number
of Cartesian product of these graphs).
Imrich and Klavˇzar in [7] proved that the distinguishing number of k-th power with
respect to the strong product of a connected, S-thin graph is two.
Theorem 2.3 [7] Let G be a connected, S-thin graph and ⊠Gk the k-th power of G
with respect to the strong product. Then D(⊠Gk) = 2 for k ≥ 2.
Let l be a positive integer and A(l, n) be the set of sequences ai = (ai1, . . . , ain)
such that 1 ≤ aik ≤ l for any 1 ≤ k ≤ n. Thus |A(l, n)| = l
n. By this notation we can
obtain an upper bound for strong product of S-thin graphs.
Theorem 2.4 Let G and H be two nonisomorphic simple connected, S-thin prime
graphs of orders n and m, respectively.
(i) If D(G) ≥ 2 and D(G) 6= ⌈lognm− 1⌉, then D(G⊠H) ≤ max{D(G), ⌈lognm− 1⌉}.
(ii) If D(G) ≥ 2 and D(G) = ⌈lognm− 1⌉, then D(G⊠H) ≤ D(G) + 1.
(iii) If D(G) = 1, then D(G⊠H) ≤ ⌈lognm⌉.
Proof. (i, ii) We have m, G-layers, say Gw1 , . . . , Gwm , where V (H) = {w1, . . . , wm}.
First we label the vertices of Gw1-layer with a distinguishing D(G)-labeling. Next
we label the jth vertex of the ith Gwi-layer with the jth component of the sequence
ai for any 2 ≤ i ≤ m and 1 ≤ j ≤ n. We use max{D(G), d} labels where d =
min{l : |A(l, n)| ≥ m− 1}. With respect to the |A(l, n)| = ln, it can be computed that
d = ⌈lognm− 1⌉. All automorphism of the strong product G ⊠ H generated by the
automorphism of G are broken, since one of G-layers assumes a distinguishing labeling.
If D(G) 6= ⌈lognm− 1⌉, then any two G-layers cannot be interchanged as they have
different sequence of labels. If D(G) = ⌈lognm− 1⌉, then we use a new label such that
any two G-layers have different sequence of labels and so cannot be interchanged.
(iii) Since D(G) = 1 so if we label the vertices of each Gwi-layer with the the com-
ponents of the sequence ai, then by a similar argument as (i) we have a distinguishing
labeling with d = min{l : |A(l, n)| ≥ m} labels. So we have the result. 
3 Distinguishing index of strong product of two graphs
In this section we investigate the distinguishing index of strong product of graphs. We
say that a graph G is almost spanned by a subgraph H if G − v, the graph obtained
from G by removal of a vertex v and all edges incident to v, is spanned by H for some
v ∈ V (G). The following two observations will play a crucial role in this section.
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Lemma 3.1 [11] If a graph G is spanned or almost spanned by a subgraph H, then
D′(G) ≤ D′(H) + 1.
Lemma 3.2 Let G be a graph and H be a spanning subgraph of G. If Aut(G) is a
subgroup of Aut(H), then D′(G) ≤ D′(H).
Proof. If we call the edges of G which are the edges of H, H-edges, and the others
non-H-edges, then since Aut(G) ⊆ Aut(H), we can conclude that each automorphism
of G maps H-edges to H-edges and non-H-edges to non-H-edges. So assigning each
distinguishing edge labeling of H to G and assigning non-H-edges a repeated label we
make a distinguishing edge labeling of G. 
Since for two distinct simple connected, S-thin prime graphs we have Aut(G⊠H) =
Aut(G✷H), so a direct consequence of Lemmas 3.1 and 3.2 is as follows:
Theorem 3.3 (i) If G and H are two simple connected graphs, then D′(G ⊠H) ≤
D′(G✷H) + 1.
(ii) If G and H are two simple connected, S-thin prime graphs, then D′(G ⊠ H) ≤
D′(G✷H).
By the value of the distinguishing index of Cartesian product of S-thin graphs in
[3] and Theorem 3.3, we can obtain this value for the strong product of them as the
two following corollaries.
Corollary 3.4 (i) The strong product Pm ⊠ Pn of two paths of orders m ≥ 2 and
n ≥ 2 has the distinguishing index equal to two, except D′(P2 ⊠ P2) = 3.
(ii) The strong product Cm ⊠ Cn of two cycles of orders m ≥ 3 and n ≥ 3 has the
distinguishing index equal to two.
(iii) The strong product Pm ⊠ Cn of orders m ≥ 2 and n ≥ 3 has the distinguishing
index equal to two.
Corollary 3.5 Let G be a connected, S-thin graph and ⊠Gk the k-th power of G with
respect to the strong product. Then D′(⊠Gk) = 2 for k ≥ 2.
Pil´sniak in [11] showed that the distinguishing index of traceable graphs, graphs
with a Hamiltonian path, of order equal or greater than seven is at most two. Also
Kra´l et al. in [9] showed that if G0, . . . , G∆−1 are non-trivial connected graphs with
maximum degree at most ∆ ≥ 2, then G0 ⊠ · · · ⊠ G∆−1 is a Hamiltonian graph. By
this note we can prove the following theorem.
Theorem 3.6 Let G0, . . . , G∆−1 be non-trivial connected graphs of orders ni with max-
imum degree at most ∆ ≥ 2. If
∏∆−1
i=0 ni ≥ 7 then D
′(G0 ⊠ · · ·⊠G∆−1) ≤ 2.
Corollary 3.7 Let G be a non-trivial connected graph of order n with maximum degree
at most ∆ ≥ 2. Then D′(⊠G∆) = 2.
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